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Abstract
We study the N = 1 Sp(2N+2M)×Sp(2N) gauge theory on a stack of N physi-
cal and M fractional D3-branes in the background of an orientifolded conifold. The
gravity dual is a type IIB orientifold of adS 5×T 11 (with certain background fluxes
turned on) containing an O7-plane and 8 D7-branes. In the conformal case (M = 0),
we argue that the α′2-terms localized on the 8 D7-branes and the O7-plane should
give vanishing contributions to the supergravity equations of motion for the bulk
fields. In the cascading case (M 6= 0), we argue that the α′2-terms give rise to
corrections which in the dual Sp(2N+M)×Sp(2N) gauge theory can be interpreted
as corrections to the anomalous dimensions of the matter fields.
1 Introduction
The duality between string theory on adS 5×T 11 and an N = 1 SU(N)×SU(N) gauge
theory [1] (see [2] for a review) is one of the most interesting examples of a gauge/gravity
dual pair because the field theory has the minimal amount of supersymmetry. Further-
more, since T 11 is not locally S5 the duality is not a simple extension of the basic [3]
adS 5×S5 ↔ N = 4 SU(N) correspondence. A more recent motivation to study this
model comes from the fact that it is possible to break the conformal invariance by adding
fractional branes to the defining D3-brane configuration, thereby changing the gauge
group to SU(N+M)×SU(N). In the gravity dual these fractional branes are replaced by
certain fluxes. The modification of the model due to the addition of the fractional branes
leads to several interesting features as demonstrated in [4] (following earlier work in [5, 6],
see also [7, 8]; other models within the same universality class have also recently attracted
attention, see e.g. [9]).
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Recently, the α′3R4 corrections to the adS 5×T 11 supergravity background were studied
and it was shown that these corrections do not change the background when M = 0 [10].
This result supports the adS/CFT correspondence and leads to the conjecture that the
adS 5×T 11 supergravity solution (with a non-zero constant F5 flux on T 11) should extend
without modifications to an exact string theory background [10]. When M 6= 0 the α′3R4
terms give rise to non-vanishing corrections to the background. It was argued in ref. [10]
that the modification has an interpretation in the dual field theory as a correction to the
anomalous dimension of the matter fields.
In this paper we study the N = 1 Sp(2N+2M)×Sp(2N) gauge theory on a stack of N
physical and M fractional D3-branes in the background of an orientifolded conifold. This
model has the following matter content: 2( , )⊕4(1, )⊕4( , 1), i.e. two bifundamen-
tals, and 4 fundamentals for each of the two factors of the gauge group. The gravity dual
is a type IIB orientifold of adS 5×T 11 containing an O7-plane and 8 D7-branes [11, 12].
The fact that the orientifolded model contains D7-branes leads to several novel features
not present in the unorientifolded model. One such feature is that both the coincident
D7-branes as well as the O7-plane have α′ corrections localized on their world volume.
The main theme of this paper is the study of the leading order corrections, which as we
will see later occur at order α′2. These corrections thus appear at a lower order in the
α′ expansion compared to the bulk α′3 terms. Since the charge of the D-brane is propor-
tional to the inverse of the string coupling constant [13] these corrections also appear at
a different order in the string coupling constant expansion. We argue that in the M = 0
case (when the field theory is a superconformal theory) the α′2 terms give vanishing cor-
rections to the equations of motion for the bulk fields. Our results are suggestive, but
because of the lack of knowledge of the corrections to the equations of motion involv-
ing the Ramond-Ramond five-form gauge field F5 we are unable to completely prove the
result. The vanishing of the corrections would provide evidence that the orientifolded
background with eight D7-branes is an exact string theory background and would also
support the adS/CFT correspondence between string theory on adS 5×T 11/Z 2 and the
dual N = 1 Sp(2N)×Sp(2N) gauge theory. A determination of the unknown F5 terms
would require the calculation of at least open string six- and eight-point functions; from
the result one could then extract the F5-dependent terms at order α
′2. Such calculations
are expected to be very involved and will not be attempted in this paper.
In the cascadingM 6= 0 case the α′2 terms are expected to lead to a modification of the
background. We argue that in the field theory dual these corrections can be interpreted
as corrections to the anomalous dimensions of the matter fields (as was the case for the
bulk α′3 corrections [10]). Apart from the lack of knowledge of the F5 terms our analysis
is further complicated because the background is less symmetric compared to the unori-
entifolded case and also because there are two species of matter fields: bifundamentals
and fundamentals. Nevertheless, with suitable assumptions some progress can be made.
In the next section we briefly discuss two possible orientifolded versions of the basic
SU(N+M)×SU(N) model and discuss the dual gravity backgrounds. One of the two
models contains an O7-plane and 8 D7-branes. In section 3 we analyze the corrections
to the equations of motion for the bulk fields induced by the α′2 terms localized on the
O7 and the 8 D7’s in the conformal case, i.e. when M = 0. A similar analysis is carried
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out in section 4 for the case M 6= 0. In the appendix we discuss some string scattering
amplitudes relevant to our analysis.
2 Orientifolds of adS 5×T 11 and their field theory duals
The duality [1, 14] between the N = 1 SU(N)×SU(N) conformal gauge theory with
matter content 2( , ) ⊕ 2( , ), and string theory on adS 5×T 11 can be extended to
orientifolded versions thereof. The orientifolding can be chosen in such a way that it does
not break any supersymmetry. There are two natural orientifolding operations, leading
to models where the N = 1 superconformal field theory duals have the following gauge
groups and matter content
(i) Sp(2N)×Sp(2N) , with 2( , )⊕ 4( , 1)⊕ 4(1, ) ,
(ii) SO(2N+2)×Sp(2N) , with 2( , ) . (2.1)
For later purposes it will be useful to recall some properties of the conifold and its relation
to T 11. The conifold [15] can be defined by the equation z21+z
2
2+z
2
3+z
2
4 = 0 which describes
a cone inside IC4 (via a linear change of basis this can also be written as xy − wz = 0).
The base of the cone is [15] T 11 ≡ SU(2)×SU(2)
U(1)
and is obtained by intersecting the above
space with |z1|2 + |z2|2 + |z3|2 + |z4|2 = 1. In a particular parameterization the metric of
T 11 is given by [15]
ds2 =
1
9
(dψ + cos θ1dφ1 + cos θ2dφ2)
2 +
1
6
(dθ21 + sin
2 θ1dφ
2
1) +
1
6
(dθ22 + sin
2 θ2dφ
2
2) . (2.2)
The dual string theory background corresponding to the models in (2.1) is adS 5×T 11/Z 2,
with a non-trivial self-dual five-form F5 = F5 + ∗F5 reflecting the non-trivial F5 flux on
T 11. Here Z 2 is the orientifold projection. The action of the orientifold in the model whose
field theory dual is Sp(2N)×Sp(2N) was derived in [11] (see also [12]) to be z ↔ w in
terms of the conifold variables. In terms of the zi’s it is (z1, z2, z3, z4) → (z1, z2, z3,−z4).
This result induces the following action on the coordinates of T 11[11]: θ1 ↔ θ2 and
φ1 ↔ φ2. The three-dimensional fixed point set of this action was called X3 in [11]. The
model thus contains an O7 plane (and for consistency also 8 D7-branes coincident with
the O7-plane). The world volume of the coincident O7 and D7’s is adS 5×X3. The metric
on X3 is
ds2 =
1
9
(dψ + 2 cos θdφ)2 +
2
6
(dθ2 + sin2 θdφ2) . (2.3)
For the SO×Sp model the orientifold action can similarly be shown to be x, y → −x,−y
and z ↔ w, or in terms of the zi’s: (z1, z2, z3, z4) → (−z1,−z2, z3,−z4). This result was
recently obtained in [16] (another orientifold operation was suggested in [17]). For this
case, the orientifold group does not have a fixed point inside T 11 so this model has no
O-planes or D-branes. For other discussions of various other possible orientifolds of the
conifold see e.g. [18].
The above orientifolded models (2.1) can be extended by adding fractional branes
in complete analogy with the unorientifolded case; the addition of such branes breaks
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the superconformal invariance and changes the gauge groups to Sp(2N+2M)×Sp(2N)
and SO(2N+2M+2)×Sp(2N), respectively. Various aspects of the resulting models were
recently discussed from the point of view of cascading gauge theories [16, 12]
3 Stringy corrections I: the conformal case (M = 0)
In this section we discuss only the conformal field theories (i.e. the M = 0 case). The
adS 5×T 11 supergravity background (with a non-zero constant F5 flux on T 11) is believed
to extend without modifications to an exact string theory background [10]. If true, this
implies that all α′ corrections to the leading supergravity equations of motion should
vanish. This conjecture has not been proved, but the close relation to the conifold (which
is an exact string tree-level background [19]) makes it plausible. String theory corrections
would also lead to conflicts with the adS/CFT correspondence. For instance, there can
be no corrections (modulo field redefinitions) to the equation of motion for the dilaton,
since the dilaton has to remain a constant modulus in order not to conflict with the dual
field theory being conformal. Similarly, the radius of adS 5×T 11, which is related to gSN ,
must remain a free parameter in the full string theory [10]. In [10] it was checked that
the leading corrections to the type IIB supergravity theory — the famous α′3R4 terms
[20] — do not give rise to any corrections to Einstein’s equation or to the equation of
motion for the dilaton3. More precisely, it was shown that there exists a particular choice
of field-redefinition scheme in which this is true. It was also pointed out that there could
in principle be additional corrections to the equations of motion at order α′3 involving F5.
The result in [10] implies that such terms, if present, have to vanish separately (assuming
that the background is exact).
In the previous section we discussed two orientifolds of the adS 5×T 11 background and
their field theory duals. For these theories there are also α′3R4 corrections to the bulk
supergravity action which are of the same form as in the unorientifolded theory, the only
difference arising from the fact that the orientifold restricts the ranges of some of the
variables. Consequently it follows from the result in [10] that they give no corrections to
the equations of motion.
For the adS 5×T 11/Z 2 orientifold corresponding to the Sp(2N)×Sp(2N) theory there
is, however, another source of α′ corrections. Recall that this model contains 8 D7-branes
and one O7-plane. There are terms of order α′2 localized on the adS 5×X3 world-volume
of these branes/plane, which appear at a lower order in the α′ expansion than the bulk
α′3 terms. Since the charge of the D-brane is proportional to the inverse of the string
coupling constant [13] these corrections also appear at a different order in the string-
coupling constant expansion4. Our goal is to discuss what effects these α′2 corrections
have on the equations of motion for the bulk fields. Before turning to this issue we will
review some properties of embeddings, with particular emphasis on the case relevant to
our discussion: the embedding of the world volume of the O7-plane and the D7-branes
3This had been checked earlier for the adS 5×S5 background [21], for which the proof is much simpler.
4There are also subleading α′3 corrections localized on the D/O7’s, but since these are of a different
order in gS they can be treated separately and will not affect the above argument about the bulk α
′3
terms.
4
inside ten-dimensional space.
3.1 Properties of embeddings
For the discussion of how the world volume of the O7-plane and the D7-branes is em-
bedded into ten-dimensional space the following notation will be used. Indices in the
ten-dimensional (bulk) directions will be labeled by capital roman letters from the middle
of the alphabet (M,N, . . .); indices in the adS 5 directions will be labeled by lower case
roman letters from the beginning of the alphabet (a, b, . . .); indices in the X3 directions
will be labeled by greek letters (µ, ν, . . .) and finally indices normal to adS 5×X3 will be
labelled by i, j, . . . (note that these conventions differ from the ones used in [11]).
The case relevant to our discussion is the embedding5 ofX3 inside T
11. This embedding
is described by the vectors ∂µY
M tangent to X3 and the vectors ξ
M
i normal to X3. These
two sets of vectors satisfy the relations:
ξMi GMN∂µY
N = 0 , δij = ξ
M
i GMNξ
N
j , gµν := ∂µY
MGMN∂νY
N , (3.1)
where gµν is the induced metric on X3. The various types of indices are raised and lowered
with GMN , gµν and δij. We will also use the tensors (defined on the world volume of the
branes)
LMN := ∂µY
Mgµν∂νY
N , NNM := ξNi δ
ijξMj . (3.2)
It follows from (3.1) that these two symmetric tensors are orthogonal projection operators
(LN
RLR
M = LN
M , NN
RNR
M = NN
M and LN
RNR
M = 0). They are related to the restric-
tion of the bulk metric to the world-volume via the relation GMN = LMN+NNM . For the
present case we can choose (the coordinates of T 11 are labelled as XM = (ψ, φ1, θ2, φ2, θ2)
and the coordinates on X3 as x
µ = (ψ, φ, θ))
∂ψY
M =


1
0
0
0
0

 ; ∂φY
M =


0
1
0
1
0

 ; ∂θY
M =


0
0
1
0
1

 ; (3.3)
and
ξM1 =
√
3
sin θ


0
1
0
−1
0

 ; ξ
M
2 =
√
3


0
0
1
0
−1

 . (3.4)
It is straightforward to check that the induced metric obtained using (3.3) agrees with
the expression given in (2.3) and that all the relations listed above are satisfied.
Bulk tensors can be projected to the normal and tangent directions by contracting
with ∂µY
M and ξMi and then restricting to the world volume; alternatively, one can use
5We really mean the embedding of adS 5×X3 inside adS 5×T 11, but since the embedding of the adS 5
part is trivial it will be suppressed in this section.
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LMN and NNM and work only with tensors with bulk indices. We use a notation where
the occurrences of ∂µY
M and ξMi are suppressed. The following definitions will be used
below
Rρλµν := ∂ρY
P∂λY
Q∂µY
M∂νY
NRPQMN , Rµν := ∂µY
Q∂νY
NLPMRPQMN ,
Rijµν := ξ
P
i ξ
Q
j ∂µY
M∂νY
NRPQMN , Rij := ξ
Q
i ξ
N
j L
PMRPQMN .
(3.5)
An important tensor in the theory of embeddings is the second fundamental form (also
known as the extrinsic curvature), defined as
ΩMµν := ∂µ∂νY
M − (ΓT)ρµν∂ρY M + ΓMNP∂µY N∂νY P . (3.6)
Here (ΓT)
ρ
µν is the connection constructed out of the induced metric, gµν , whereas Γ
M
NP
is the connection constructed out of the bulk metric, GMN . Using the above formulæ a
straightforward calculation shows that ΩMµν vanishes for the embedding of X3 inside T
11
(thus the embedding is an example of what is referred to as a totally geodesic embedding).
We should also mention that the curvatures of the tangent bundle, (RT )ρλµν , and the
normal bundle, (RN)
ij
µν , common in the literature, are related to certain pull-backs of
the bulk Riemann tensor together with quadratic expressions in the second fundamental
form:
(RT )ρλµν = ∂ρY
P∂λY
Q∂µY
M∂νY
NRPQMN + ξ
i
Nδijξ
j
M [Ω
M
ρµΩ
N
λν − ΩMρνΩNλµ] ,
(RN)ijµν = ξ
P
i ξ
Q
j ∂µY
M∂νY
NRPQMN + ξ
M
i g
ρλξNj [ΩMρµΩNλν − ΩNρνΩMλµ] . (3.7)
For further details about embeddings relevant to our discussion, see e.g. [22, 23].
3.2 The α′2R2 terms in the world-volume theories
Because the charge of one O7-plane cancels that of 8 D7-branes and because there are no
corrections at order α′, the leading terms in the effective action for the combined O7-D7
system appear at order α′2. We will now discuss these α′2 terms, which are localized on
the O7-plane and the D7-branes. Since the only non-vanishing fields in the background
we are discussing are Φ, GMN and FMNPQR, we are interested in the dependence of the
effective action on these fields6. Because of symmetries, the other supergravity fields
appear at least quadratically in the action. Since the zeroth-order expressions vanish,
such terms will not affect the leading linearized corrections to the equations of motion.
This last statement is actually not true for the Wess-Zumino term which is linear in the
Cp’s; this fact will be taken into account in our later analysis. Unfortunately, the complete
expression for the α′2 corrections is not known; in particular, the terms involving F5 are
not known. We will therefore concentrate on the corrections involving the Riemann tensor
and the dilaton, which are known (some previously unknown terms will be determined in
this paper). The effective action also depends [22] on the second fundamental form (3.6).
However, ΩMµν appears at least quadratically so these terms will not affect our discussion
6In general the action for the D-branes also depends on the world-volume fields (i.e. the gauge field
and the transverse scalars; no such fields are present on the non-dynamical O7-plane). We will in what
follows assume that these fields are zero. See section 3.4 for a discussion about this assumption.
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since ΩMµν is zero for the embedding we are discussing and we are only interested in the
first order variation.
For the Wess-Zumino term of a D7-brane the relevant corrections involving the Rie-
mann tensor take the form [24] (ignoring the dependence on ΩIµν for reasons just discussed)
SD7WZ = µ7(
pi2
6
)α′2L4g−1S
∫
C4∧[Rρλ∧Rλρ − Rij∧Rji] , (3.8)
where Rρλ =
1
2!
Rρλµνdx
µ ∧dxν , Rij = 12!Rijµνdxµ ∧dxν , and we have rescaled C4 →
4g−1S L
4C4, and GMN → L2GMN to agree with the usual adS/CFT normalization (where
L is the adS 5×T 11/Z 2 length scale, L4 = (27κN)/(16π5/2)). In the above formula µ7 is
the charge of a single D7-brane, µ7 = (2(2π)
7α′4)−1. The D-branes we discuss appear in
an orientifolded theory and have half the charge of a D-brane in the type II theory (this is
the reason for the factor of 2 discrepancy between the above equation and the expression
usually found in the literature).
The relation between the charge of an O7 orientifold plane and that of a D7-brane is
µO7 = −8µD7 (thus the charge of 8 D7’s cancels that of one O7). The terms involving the
Riemann tensor in the Wess-Zumino term for an O7-plane take the form [25]
SO7WZ = (−8µ7)(−pi
2
12
)α′2L4g−1S
∫
C4∧[Rρλ∧Rλρ − Rij∧Rji] . (3.9)
For the DBI part of the D7-brane action, the R2 corrections were determined in [22] (see
also [26]) to be7
SD7DBI = µ7L
4 α′2
2
(pi
2
6
)
∫
d8x
√−g e−Φ
[
RρλµνR
ρλµν − 2RµνRµν − RijµνRijµν + 2RijRij
]
,
(3.10)
where the various tensors have been defined in (3.5) and as above we have rescaled the
metric as GMN → L2GMN .
The α′2 corrections to the DBI part of the O7-plane action have not, as far as we are
aware, been discussed in the literature. We argue in the appendix that the expression for
these terms is in line with expectations:
SO7DBI = (−8µ7)L4 α
′2
2
(−pi2
12
)
∫
d8x
√−g e−Φ
[
RρλµνR
ρλµν−2RµνRµν− RijµνRijµν+2RijRij
]
.
(3.11)
Adding the above terms, the total action for the combined system of 8D7’s and one O7
becomes (in the string frame)
S7tot = µ7L
4(πα′)2
{∫
d8x
√−g e−Φ
[
RρλµνR
ρλµν − 2RµνRµν − RijµνRijµν + 2RijRij
]
+ 2g−1S
∫
C4∧[Rρλ∧Rλρ − Rij∧Rji]
}
. (3.12)
7The contributions involving the second fundamental form are ignored for the reason given above,
the leading
√−g contribution is also ignored, as it will cancel against analogous terms coming from the
O7-plane in the final expression.
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Below we investigate how the presence of these terms affect the equations of motion for
the bulk supergravity fields. There are also terms in the effective action of the schematic
form RD2Φ which contribute to the equation of motion for the dilaton; such terms are
discussed below and in the appendix.
3.3 The equations of motion
In this section we will discuss the corrections to the equations of motion for the bulk
supergravity fields arising from the presence of the terms (3.12). For the general discussion
we restrict ourselves to the dependence of the action on the background metric. In the
case relevant to us, the action for the combined bulk+brane system takes the form (in
the Einstein frame)
∫
d10X
√−GR +
∫
d8xLbrane =
∫
d10X
√−GR +
∫
d10Xδ(β)δ(γ)Lbrane , (3.13)
where β and γ label the transverse coordinates. In the background we are interested in,
the following translations between the coordinates of T 11 and the coordinates normal and
tangential to X3 are useful
θ = (θ1 + θ2)/2 , φ = (φ1 + φ2)/2 , ψ = ψ ,
β = (θ1 − θ2)/2 , γ = (φ1 − φ2)/2 . (3.14)
The equations of motion are obtained by making a (eulerian) variation of the background
metric: δGMN = hMN . In the case when Lbrane only depends on the metric and not on
terms with derivatives, the brane gives rise to a simple δ-function source in Einstein’s
equation,
√
G[RMN − 12GMNR] = δ(β)δ(γ)TMN , where TMN =
δLbrane
δGMN
. (3.15)
This means that the brane is treated as being infinitesimally thin. When the action
also includes terms with derivatives acting on GMN (as is the case for the action we are
interested in, cf. (3.12)), the situation is more involved. In the variation, a derivative
acting on δGMN = hMN can be either in a direction tangential to X3 or in a direction
normal to it. If it is in a tangential direction then it can be moved by an integration by
parts in the eight-dimensional brane action as usual. Hence, if the action only involves
tangential derivatives then the formula (3.15) remains valid. On the other hand, if a
derivative acting on δGMN is in a direction normal to X3, it can still be moved by an
integration by parts, but only in the full ten-dimensional action (i.e. in the expression
on the right-hand side of eq. (3.13), which includes the δ-functions). When such an
integration by parts is performed, the derivative will hit the δ-functions. Thus, in general
one gets not only contributions to the equations of motion involving δ-function source
terms but in addition also source terms involving derivatives of δ-functions. The presence
of such “multipole” source terms signals a violation of the approximation that the brane
is infinitesimally thin (for a discussion of this point see [23], section 3.5 and references
therein and also [27]). In general such corrections lead to complicated sources and the
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equation of motion may not have well-behaved solutions. Perhaps the best way to view
such a situation is to say that when the solutions to the equation of motion become ill-
defined, then the approximation of writing the action as a sum of two terms (bulk+brane)
is no longer viable. However, as long as the solutions are well-behaved the approximation
should still be viewed as being valid. (Note that solutions singular at the location of the
brane need to be carefully regularized when pulled back to the brane world-volume, see
[28] for a recent discussion.)
In the case of interest to us there will be at most two derivatives acting on δGMN =
hMN . Since one is to restrict the expression to the brane world-volume after acting with
the derivatives, it is clear that it is sufficient to consider an expansion of hMN to second
order in the transverse coordinates β and γ (which are set to zero when restricting to the
brane world volume):
hMN = h
1
MN(θ) + βh
2
MN(θ) + γh
3
MN(θ) + β
2h4MN(θ) + βγh
5
MN(θ) + γ
2h6MN(θ) . (3.16)
As a technical simplification, we have indicated that it is sufficient to take the hiMN ’s to
depend on θ. Since the zeroth-order metric does not depend on ψ and φ, expressions
involving derivatives with respect to these coordinates will give zero after an integration
by parts. (The variation in general also depends on the radial coordinate of adS 5; we
have suppressed this dependence in (3.16), but it will be needed for the general analysis
below.)
In the variation the contributions from the different hiMN ’s in (3.16) can be treated
independently, since they give rise to sources with different δ-function structures. Because
of the different possible source terms, there are (at order α′2) six times as many equations
compared to the bulk case that have to vanish in order for there to be no corrections to
the equations of motion. The constraints are thus stronger than the ones arising from
the bulk terms in [10] and should lead to a more stringent test of the exactness of the
background. At higher orders in the α′ expansion one gets even further conditions since
there are more derivatives present so additional “multipole” sources become relevant.
After these general remarks we are in a position to check whether the presence of the
terms in (3.12) lead to corrections to the equations of motion. We will discuss each of the
non-zero background fields in turn. For the analysis it is important to keep in mind that
one is allowed to make field redefinitions. Thus, to show that the α′2 terms in (3.12) do not
give any corrections to the equations of motion, it is sufficient to find a field redefinition
scheme in which the corrections vanish. In the bulk case there was a natural way to fix
the field redefinition ambiguity: namely, to simply replace the Riemann tensor whenever
it appeared with the Weyl tensor. In our case it is not a priori clear what field redefinition
scheme is the correct one to use. In particular, replacing the bulk Riemann tensor with
the Weyl tensor would make the relation (3.7) invalid (the pullback of the Weyl tensor can
not be expressed in terms of RT in a simple way). Another ambiguity is which tensor one
should contract with to form the “Ricci” tensors Rµν and Rij in (3.5). Because of these
problems we will in our analysis add the most general combination of terms removable by
field redefinitions to the action (3.12). Terms proportional to the lowest order equations
of motion are removable by field redefinitions. For the metric the equation of motion is
RMN = 0 and for the dilaton it is D
M∂MΦ = 0 (in a particular scheme [29]). These
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are actually not the complete expressions, but the additional terms will not be relevant
to us. For instance there are F 25 corrections to the equation RMN = 0 but since the F5
dependent α′2 terms are not known we will ignore the F5-dependent corrections to the
lowest order equations of motion as well. There are also dilaton corrections of the form
∂MΦ∂NΦ, but as these are quadratic in ∂MΦ they will not affect our analysis since the
dilaton is constant to leading order.
3.3.1 The equation of motion for C4
Since we are ignoring the unknown dependence of the α′2 terms on F5, C4 appears only in
the Wess-Zumino term. To get a correction to the equation of motion for C4 from these
α′2 terms, the R∧R part in C4 ∧R∧R has to be non-vanishing to leading (zeroth) order.
For this to be the case R∧R has to have all its indices in the adS5 directions. The reason
for this is that because of the product structure of the zeroth order metric the leading
order contribution to R ∧ R has to have all its indices either in the adS5 directions or
in the X3 directions, but since it is a four-form it will not fit inside X3. Thus, the only
possible non-zero contribution at order α′2 to the equation of motion for C4 comes from
the variation with respect to Cabcµ. However, all possible terms vanish because for adS 5
one has: Rabcd ∝ Ga[cGd]b. It then follows that for any term that one writes down, the
form indices will always be on the metric and there will always be a contraction either of
the form LcdGc[aGb]d or of the form N
cdGc[aGb]d, both of which give zero. (Thus we get no
information about which choice should be made to fix the field redefinition ambiguity.) We
conclude that there are no corrections to the equations of motion for C4. This statement
of course has to be revisited once the α′2 terms involving F5 have been determined.
Apart from C4 the Wess-Zumino term also has a linear dependence on the other Cp’s
and on B2. However, none of them are multiplied by quantities that are non-vanishing
for the background under discussion. Thus there are no corrections to the equations of
motion for the other Cp’s or B2 either.
3.3.2 The equation of motion for Φ
We next turn to the equation of motion for the dilaton. One contribution to the equation
of motion comes from the variation of the e−Φ factor appearing in the DBI part of the
action (3.12). In addition to the overall e−Φ factor, there could also be terms in the
action involving derivatives of the dilaton. Such terms have not been determined in the
literature. In the appendix we derive constraints on the RD2Φ corrections to the DBI part
of the action from the NSNS two-string scattering amplitude, cf. (A.24). When varying
the RD2Φ terms one should expand Φ in “modes” as was done for the metric variation in
(3.16). We have checked that there is a particular field-redefinition scheme for which the
corrections to the equation of motion coming from the RD2Φ terms corresponding to all
the six modes of Φ vanish. The contribution from the mode independent of the normal
coordinates should be added to the variation of the overall e−Φ factor. However, there is
no scheme in which this mode gives a non-vanishing contribution when the contributions
from the other modes are required to vanish. We have similarly checked that there are no
corrections from the possible RD2Φ corrections to the Wess-Zumino term. To conclude,
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there is one constraint coming from the variation of the overall e−Φ factor. This constraint
can certainly be satisfied by fixing the field redefinition ambiguity of the R2 terms suitably,
but the resulting constraint on the coefficients has to be added to similar conditions arising
from the variation of the metric.
3.3.3 The equation of motion for GMN
Finally we address the question of whether corrections to the equation of motion for the
background metric are induced by the terms (3.12). As we discussed above there are six
different components of the variation (3.16); each of these has to vanish separately. The
variation is most easily implemented when the action is written in terms of LMN and
NNM (3.2) (rather than δµY
M , ξMi , δ
ij , and gµν). One has
δLMN = −LMP δGPQLQN , δNMN = −GMP δGPQGQN + LMP δGPQLQN . (3.17)
For the Wess-Zumino term, the only dependence on the metric is contained in the R∧R
terms. At zeroth order C4 (choosing the natural gauge) only has non-vanishing compo-
nents in either the adS5 or the T
11 directions (but no mixed components). Therefore, the
pullback of C4 to the world volume has to lie in the adS directions (it will not fit inside
X3), which implies that the R∧R terms have to have one index in an adS direction (and
the others in the X3 directions). At first sight one might think that this is not possible
because of the product structure of the zeroth order metric, but the first order variation
does not have to be zero since the adS index is a form index which is not contracted with
the metric. There are two possibilities: (i) the adS index is on the metric, GaM ; or (ii)
the adS index is on a partial derivative, ∂a.
For the first case, it is easy to see that the other index on the metric can not be a form
index and that it has to be a T 11 index otherwise one gets zero because of the product of
the zeroth-order metric. Furthermore, the product structure of the zeroth order metric
implies that to get something non-vanishing the variation has to act on GaM . Using this
result together with the definition of the Riemann tensor one can check that the variation
becomes (δGaM = haM)
(i) δRPQaN → 12GPS
{
− ∂N (GSU [∂QhaU − ∂UhaQ]) + ΓTNQ(GSU [∂ThaU − ∂UhaT ])
− ΓSNT (GTU [∂QhaU − ∂UhaQ])
}
. (3.18)
Expanding haM = δGaM as in (3.16) one in general gets 30 conditions since the index M
in haM can take 5 values and each haM has six components, cf. (3.16). However, because
of the symmetries of the T 11 there are smaller number of conditions, and we have checked
that all of them are satisfied. In this calculation we also allowed for terms removable by
field redefinitions. Such terms can be generated by replacing the factors of RPQMN by
either GP [MRN ]Q − GQ[MRN ]P or RGP [MGN ]Q, where RMN is the bulk Riemann tensor,
and R is a scalar constructed out of it by contraction (recall that terms proportional
to RMN can be removed by field redefinitions; strictly speaking, this is only true in the
absence of F5, but we ignore all F5 dependence). Since such terms also give zero we get
no clues which field redefinition scheme should be chosen.
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For the second possibility (when the adS index is on a ∂) the variation will only give
something non-vanishing when it acts on the terms which are acted on by the ∂a. The
reason for this is that the zeroth order metric on T 11 does not depend on the coordinates
of adS 5, but the first order variation of the metric in general does. Since the T
11 metric
does not depend on the adS coordinates, one can integrate by parts so that ∂a acts on
C4. Thus the effect of this integration by parts is to turn C4 into F5. Using the definition
of the Riemann tensor together with the above restriction on the variation one can show
that
(ii) δRPQaN → ∂a
{
GPSδΓ
S
NQ +
1
2
ΓTNQδGTP − 12GPS∂N (GSUδGQU)
− 1
2
GTUGPSΓ
S
NT δGQU
}
. (3.19)
Because of the special background and our normalizations, (F5)abcde is simply the volume
form on adS 5. The contributions coming from the Wess-Zumino term obtained in this
way are actually of the same form as terms coming from the DBI part of the action so
they will have to be considered together. One thing to note is that the terms quadratic
in the coordinates β, γ normal to X3 in (3.16) will not contribute to the variation of the
Wess-Zumino term. The reason for this is that at most one derivative acts on δGMN since
the other derivative is in the adS directions and has been integrated by parts. On the
other hand such corrections are obtained from the variation of the DBI part of the action.
Finally, we will discuss the variation of the DBI part of the action. Because of the
product structure of the zeroth order metric the variation has to lie either inside adS 5 or
inside T 11 (there are no δGaM contributions). The variation of the metric takes the form
(3.16). In the case where the variation is in the T 11 directions the first three terms in
(3.16) have counterparts coming from the Wess-Zumino term as discussed above, whereas
the last three terms are only relevant for the DBI part. By analyzing all the above
different equations with the help of the GRTensor package [30], we have found that there
exists a choice of field-redefinition scheme for which the corrections involving the modes
quadratic in the normal coordinates vanish. For the remaining modes (including the
condition discussed above coming from the equation of motion for Φ) there does not
exists a field redefinition scheme8 in which there are no corrections to the equation of
motion for the bulk metric coming from (3.12). However, there does exist an action
giving rise to no corrections which is very similar to (3.12), but with slightly different
numerical coefficients in front of the various terms (more precisely, two of the coefficients
need to be different from the values in (3.12) to get a vanishing result). The implications
of this result will be discussed in the next section.
3.4 Discussion of the result
As discussed above there does not exist a field-redefinition scheme in which the entire
variation with respect to the metric gives a vanishing result. Since we neglected the F5-
dependent terms, the fact that we did not find that all the corrections vanished is perhaps
8We have checked that this is still true even if one includes terms removable by field redefinitions of
the schematic form D2R.
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not too surprising especially considering that the restrictions imposed are stronger and the
number of possible terms is smaller compared to the bulk analysis in [10]. For instance, the
number of terms removable by field redefinitions is smaller than the number of constraint
equations coming from requiring the corrections to vanish. To complete the analysis one
would need to take into account also the dependence of the action on F5. In [10] the
corrections vanished even without the F5 terms (hence the terms involving F5 have to
vanish separately), in our case the situation appears to be different.
The equation of motion for the metric is expected to involve terms which depend on
the self-dual RR field F5. The various possible terms are (schematically) of the form
DF5DF5, F
2
5R and F
4
5 . These terms have not been determined (the corrections to the
DBI action of the first type can be constrained from the scattering amplitudes in [31, 32]).
To determine these terms from string scattering amplitudes one would have to calculate
at least six- and eight-point open string scattering amplitudes. Needless to say that is
a very involved calculation and we will not attempt it here. An important question is
whether the additional F5-dependent terms are such that they can make the corrections
vanish. At first sight it seems that the F5 terms could easily modify the above result
since there are several possible tensor structures. However, the number of independent
contributions is actually much less than one might naively expect as can be seen e.g. from
the fact that because of the product structure of the zeroth order metric, the simple form
of F5 (∝ voladS5 + volT 11) together with the fact that the indices are contracted with
either LNM or NNM (which are orthogonal projection operators) the various possible
F 45 terms actually give rise to only three independent terms which can be chosen as
c1L
abδGab + c2L
MNδGMN + c3N
MNδGMN , where the indices in the first term only run
over the adS directions and the ci’s are constants. Results such as this indicate that the
F5 terms can not significantly change the R
2 analysis. Thus, the fact that the corrections
almost vanished using the R2 terms only is a strong indication that when the F5 terms are
included one will find the extra contributions to the coefficients required for the vanishing
of all corrections. This would be a very strong test of the exactness of the background.
Finally, we should mention that we have assumed that the gauge field and the transverse
scalars on the brane are zero. This may be incorrect, non-zero values may be required
e.g. for the solution to be supersymmetric (to analyze whether this is the case, the methods
in [33] might be useful). If non-zero world-volume fields are present they will only affect
the modes of the variation of the metric independent of the coordinates normal to the
brane.
4 Stringy corrections II: the cascading case (M 6= 0)
In this section we discuss the effects of the α′2-terms localized on the 8 D7-branes and the
O7-plane when M 6= 0. For this case one expects that the α′2-terms will give corrections
to the supergravity background. Our goal is to investigate what the interpretation of these
corrections are in the dual field theory. Our approach is similar to the analysis in [10],
but there are some differences related to the lower-dimensional nature of the D7-branes.
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4.1 The supergravity background
In this section we briefly review the type IIB supergravity solution obtained in [6] (with
some normalization factors taken from [7]). This solution is an approximation to the
solution obtained in [4], but it will be sufficient for our later purposes. As we will discuss
below the solution is also a solution to the orientifolded theory.
The metric is given by (to facilitate our later discussion we have written the solution
using the variables introduced in [10], see [10] for further details )
ds210 = L
2[
e2t√
t
dxndx
n +
√
t(dt2 + ds2T 11)] , (4.1)
where n = 0, . . . , 3 and
L2 =
9gS(2M)α
′
2
√
2
. (4.2)
The solution also contains the following non-zero field strengths
F3 = Mα
′ω3 , B2 = 3gSMα
′(t− t˜)ω2 ,
F5 = dC4 +B2∧F3 = F5 + ∗F5 , F5 = 27πα′2N¯eff(t)vol(T 11) , (4.3)
where vol(T 11) is the volume form on T 11 and
t˜ =
2π(2N)
3gS(2M)2
+ 1
4
, N¯eff(t) =
3gS(2M)
2
2π
(
t− 1
4
)
, (4.4)
and ω2 and ω3 are given by
ω2 = sin θ1dθ1∧dφ1 − sin θ2dθ2∧dφ2 ,
ω3 = (dψ + cos θ2dφ1 + cos θ2dφ2)∧ω2 . (4.5)
In writing the above solution we have anticipated the fact that the number of branes on
the cover space of the Sp(2N+2M)×Sp(2N) theory is twice as large compared to the
SU(N+M)×SU(N) model. The fluxes and the number of physical branes are however
the same since the volumes of the cycles over which one integrates are half as large, e.g.
1
4pi2α′
∫
S3/ZZ2
F3 =M .
As was discussed in section 2 the spacetime part of the orientifold operation inter-
changes (φ1, θ1) and (φ2, θ2) which implies GMN → GMN , ω2 → −ω2 and ω3 → −ω3.
In the solution (4.3) one has B2 ∝ ω2, F3 ∝ ω3 and F5 ∝ ω2 ∧ ω3. In addition to the
spacetime part the orientifold operation also involves the action of Ω(−1)FL . The total
orientifold operation is such that it leaves the form fields in (4.3) invariant. Thus, as was
also discussed in [16, 12], the above solution is a solution in the orientifolded theory since
it is invariant under the orientifold action.
4.2 The beta function and the RG flow
We now discuss the beta function and the associated renormalization group flow in the
Sp(2N+2M)×Sp(2N) field theory and how these concepts appear in the dual supergravity
solution discussed above.
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Field theory
The field theory beta-function relevant to our discussion is the Shifman-Vainshtein
[34] beta function (see e.g. [7, 10] for an explanation of this fact9):
βg =
d
d log(Λ/µ)
(
4π2
g2
)
=
1
4
[
3T (adj)−
∑
i
T (Ri)(1− 2γi)
]
, (4.6)
where the sum runs over the matter superfields and T (Ri) is the index of the representation
Ri of the gauge group. For Sp(2N), T (adj) = 2N + 2 and T ( ) = 1. Using these results
together with the matter content given in section 2, the beta functions for the gauge
couplings (labeled g1 and g2) of the two factors of the Sp(2N+2M)×Sp(2N) gauge group
can be conveniently written as
d
d log(Λ/µ)
(
4π2
g21
+
4π2
g22
)
= 2N¯∆+ 2δ ,
d
d log(Λ/µ)
(
4π2
g21
− 4π
2
g22
)
= M(3 −∆) , (4.7)
where N¯ = N+M/2 (note that N¯ is simply the effective number of physical D3-branes in
the defining orientifolded conifold background) and δ and ∆ are defined via γB = −14 + ∆2
and γF = −14 + δ2 , where γB is the anomalous dimension of the bifundamental matter
multiplets and γF is the anomalous dimension of the fundamental matter multiplets.
When M = 0, ∆ and δ are both zero (i.e. γB = −14 = γF ) and both beta functions
vanish. When M is not zero ∆ and δ can be expanded in even powers of M
N¯
, which is
assumed to be small (the argument why only even powers appear is completely analogous
to the one given in [10]). To leading order in M one finds that only the difference of the
gauge couplings flows: d
d log(Λ/µ)
(
4pi2
g2
1
− 4pi2
g2
2
)
= 3M .
For completeness we note that for the Sp(2N+2M)×SO(2N+2) theory discussed in
section 2 one finds (using that for SO(N), T (adj) = N − 2 and T ( ) = 1)
d
d log(Λ/µ)
(
4π2
g21
+
4π2
g22
)
= 2N¯∆ ,
d
d log(Λ/µ)
(
4π2
g21
− 4π
2
g22
)
= 3M − (M + 1)∆ , (4.8)
where N¯ = N + (M+1)/2. Note that for this model there is no longer a strict symmetry
between the two factors of the gauge group.
String theory
The field theory gauge couplings are encoded in the gravity dual via the relations
[1, 14]
(
4π2
g21
+
4π2
g22
) =
π
gS
e−Φ ,
9Recently it has been shown [35] that it is possible to obtain the complete NSVZ beta function [36]
from the supergravty solution (see also [37] and references therein).
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(
4π2
g21
− 4π
2
g22
) =
1
gS
e−Φ[
1
2πα′
∫
S2/ZZ2
B2 − π] . (4.9)
In the background (4.1), (4.3) one finds [7] (using
∫
S2/ZZ2
ω2 = 2π) that to leading order
in M
N¯
, d
dt
(4pi
2
g2
1
− 4pi2
g2
2
) = 3M ; hence by comparison with the above field theory result one
deduces that t is to be identified with log(Λ/µ) (up to an additive constant). Hence, there
is a complete matching between the beta function obtained from field theory with that
obtained from string theory [7]; on the string theory side the parameter controlling the
RG flow is identified with the radial variable t appearing in the metric (4.1).
In [10] a consistent solution to the ten-dimensional field equations in the adS 5×T 11
background in the presence of the α′3R4 corrections was obtained by taking the defor-
mations of the fields to depend only on the radial coordinate t. Furthermore, under the
assumption that the relations (4.9) still hold for the case when Φ and B2 no longer are
constant, it was shown that the corrections could be interpreted in the dual field theory
as corrections to the anomalous dimensions of the matter fields. A natural guess based on
the results in [10] is that the α′2 corrections localized on the D7-branes and the O7-plane
should also have a dual interpretation in terms of corrections to the anomalous dimen-
sions of the matter fields in the field theory. However, in trying to make this more precise
one encounters a puzzle. An ansatz where the deformation only depends on the radial
variable, t, is not possible since the presence of the D7-branes and the O7-plane will lead
to δ-function sources in the equations of motion, as was discussed in section 3. These
sources explicitly depend on the angular coordinates of T 11; therefore the solution will
also have to depend on the angles of T 11. On the other hand, from the field theory side
one expects that Φ and
∫
B2 should depend only on one variable which describes the RG
flow.
The resolution we would like to propose is that it is the zero modes of the KK expansion
in modes on T 11 that should appear on the right hand side of the equations (4.9). This is
a natural choice since such modes are always present independently of the choice of the
compact manifold X5 in the product adS 5×X5. Furthermore, they are the only modes
that do not depend on the angles on T 11.
4.3 The corrections to the equations of motion
As mentioned above, because of the presence of the δ-function source, the deformation of
the metric induced by the presence of the α′2 terms will necessarily have to depend on
the angles of T 11 in addition to the dependence on t. Thus, to get the complete solution
one would have to include all modes on T 11 in the ansatz. However, since we are only
interested in the zero-modes for Φ and
∫
B2 it is natural to expect that the dominant
contribution can be obtained by considering only the lowest lying modes in the mode
expansion of the metric. The modes we will include in the ansatz for the metric are
the same ones as in [10]. Since the functions w, y and z in this ansatz only depend on
t, including only these modes is equivalent to dimensionally reducing the system to an
effective five-dimensional theory. With this in mind we choose our ansatz for the deformed
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metric to be of the same form as in [10]:
ds210 = L
2
[ e2t√
t
dxndx
n +
√
t e−2z
{
e10ydt2 +
e2y−8w
9
(dψ + cos θ1dφ1 + cos θ2dφ2)
2
+
e2y+2w
6
(dθ21 + sin
2 θ1dφ
2
1 + dθ
2
2 + sin
2 θ2dφ
2
2)
}]
, (4.10)
where, y, w, and z are of order α′2. Similarly, we will use the following ansatz for the
NSNS two-form: B2 = 3gSMα
′(t− b)ω2, where the deformation b again depends only on
t.
The R2 part of the action for the combined system of 8 D7-branes and one O7-plane
becomes (after rescaling the background metric as G→ L2G and C4 as C4 → 4L4g−1S C4,
where L4 was defined in (4.2))
Stot = µ7L
4(πα′)2
{∫ √−ge−Φ[RρλµνRρλµν − 2RµνRµν − RijµνRijµν + 2RijRij
]
+ 2g−1S
∫
C4∧[Rρλ∧Rλρ − Rij∧Rji]
}
. (4.11)
As in section 3 our analysis will be restricted to these terms since the F5 dependence is
not known. Since H3 is also non-zero in the background (4.1), (4.3) we would like to know
the dependence of the effective action on this field. Such terms have not been determined
in the literature (see, however, [38] for a discussion of such terms in the Wess-Zumino part
of the D-brane action; note that the conditions on H3 used in that paper are satisfied for
H3 in (4.3)). Based on the bulk analysis one might have expected that there was a simple
rule of the form R→ R+DH3 from which the DH3 terms could be obtained from the R2
terms. As briefly discussed in the appendix this does not appear to be the case. Because
of our lack of knowledge about the H3 terms, all terms involving H3 will be neglected
below.
The equations of motion, with the above simplifying assumption, become (using the
expressions given in [10])
8
e4t
t
[1
2
b′′ + 2b′ − 2
t
b′ − 2
t
b− 1
2
φ′ +
1
2t
φ− 2φ
−2w′ − 8w + 2
t
w − 2y′ − 8y + 2
t
y + 2z′ − 8z + 2
t
z
]
= −2κ
2
L8
δSbrane
δb
,
e4t
[
φ′′ + 4φ′ − 4
t
φ+
4
t
b′ − 16
t
y − 16
t
w
]
= −2κ
2
L8
δSbrane
δφ
,
8e4t
[
− 5y′′ − 20y′ + 160y − 8
t
y +
2
t
b′ − 2
t
φ− 8
t
w
]
= −2κ
2
L8
δSbrane
δy
,
16e4t
[
z′′ + 4z′ − 32z + 12
t
z − 2
t2
z − 1
t
b′ − 8
t
b+
2
t2
b
]
= −2κ
2
L8
δSbrane
δz
,
8e4t
[
5w′′ + 20w′ − 60w − 8
t
w +
2
t
b′ − 2
t
φ− 8
t
y
]
= −2κ
2
L8
δSbrane
δw
. (4.12)
Here the quantities appearing on the left hand depend only on t, and the quantities on the
left hand side are assumed to have been integrated over the angles and consequently only
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depend on t. We have found that there is a field redefinition scheme were the modifications
to the equations of motion for the metric have the following asymptotic form for large t:
δSbrane
δz
∼ µ7g−1S α′2L4e4tt−2 ,
δSbrane
δy
∼ µ7g−1S α′2L4e4tt−2 ,
δSbrane
δw
∼ µ7g−1S α′2L4e4tt−2.
(4.13)
More precisely, we have verified that there is a field redefinition scheme for which this is
true. Naively, one would find the scaling t−1. Note that the fact that there is a scheme
in which the t−1 terms vanish implies that the corrections vanish when M → 0. The
reason that there is a field redefinition scheme for which the corrections to the equations
of motion for the metric vanishes in this case is that the deformation of the metric is
of a restricted form, whereas in section 3 the deformation was general. For b and φ the
following asymptotic scaling
δSbrane
δφ
∼ µ7g−1S α′2L4e4tt−3 ,
δSbrane
δb
∼ µ7g−1S α′2L4e4tt−3 , (4.14)
appears to be required for consistency. We have verified that there is a field redefinition
scheme for which the first equation holds (in addition to the equations in (4.13)). Due
to our lack of knowledge of the H3 dependence the second relation is conjectural. The
asymptotic solution consistent with the above scaling is
z ∼ gSα
′2
L4
t−2 , y ∼ gSα
′2
L4
t−2 , w ∼ gSα
′2
L4
t−2 , φ ∼ gSα
′2
L4
t−2 , b ∼ gSα
′2
L4
t−1 , (4.15)
where we have used the above asymptotic scalings together with 2κ2 = (2π)7g2Sα
′4 and
µ7 = [2(2π)
7α′4]−1. As in [10] we find that the asymptotic scaling is the minimal choice
consistent with the absence of corrections when M → 0.
By comparison with (4.7), (4.9) we find from the first relation that to leading order
∆ +
1
N¯
δ = −2π
2
λ
φ′ . (4.16)
Evaluating the derivative at the point teff for which Neff(teff) = N¯ (see [10] for more details)
and using the scalings α
′
L2
∼ 1
λ
N¯
M
and 1
teff
∼ λ (M
N¯
)2
together with the above asymptotic
form of φ we find
∆ +
1
N¯
δ ∼ gS
(
M
N¯
)4
. (4.17)
Since this relation depends on both ∆ and δ we are not able to determine them separately
without further input. It does seem natural to assume that only δ (and not ∆) should
be affected by the corrections on the D7’s in which case one finds δ ∼ λ (M
N¯
)4
. At first
sight this dependence on the ’t Hooft coupling looks strange, but it is consistent with
the fact that the expansion is in terms of 1
t
∼ λ(M
N¯
)2 and α
′
L2
∼ 1
λ
N¯
M
(which imply that
1
λ
and M
N¯
are also small). For consistency of the interpretation that the α′2-corrections
only affect δ with the second relation coming from (4.7), (4.9) one needs to assume that
b′ = φ, a relation which was needed in the bulk analysis for consistency. However, if there
is a correction to both δ and ∆ at order α′2 then this restriction may not be needed.
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Let us also mention that even for the bulk α′3R4 terms there is a slight difference
compared to [10] since now not only ∆ appears in the beta function but also δ. However,
if our above suspicion that the corrections to δ arise form the corrections on the brane is
correct, we do not expect δ to receive corrections from the bulk α′3 terms, but only from
the α′3 terms localized on the brane.
5 Discussion
In this paper we have studied the α′2 terms localized on the O7-plane and eight D7-
branes in a particular orientifold of adS 5×T 11. This orientifold is dual to an N=1
Sp(2N+2M)×Sp(2N) gauge theory.
In section 3 we argued that when M = 0 the α′2 terms should give no corrections
(modulo field redefinitions) to the supergravity equations of motion. Evidence for this
expectation comes from the adS/CFT correspondence. In particular, the paramaters gS
and N which are related to the dilaton and the radius of adS 5×T 11 have to remain free
parameters in the full string theory (see e.g. [10]). Furthermore, the symmetries of the
gauge theory (which are related to the isometries of adS 5×T 11/Z 2) have to be preserved.
Taken together these facts indicate that all corrections to the supergravity background are
absent. However, to our knowledge it has not been rigorously proven that the adS/CFT
correspondence implies that all corrections to the supergravity background have to be
absent, although it seems very plausible that that is the case. (If there were residual
corrections not removable by field redefinitions, it would pose a challenge to interpret them
in the context of the dual conformal field theory.) Due to the lack of knowledge about the
F5-dependent terms we were unable to completely prove that there are no corrections at
order α′2, although our results are quite suggestive (see section 3 for further details). One
can also ask the reverse question, i.e. requiring the α′2 terms to give rise to no corrections
for the orientifold background, what are the possible R2 terms? As we have discussed
the number of equations that have to be satisfied in order for there to be no corrections
is fairly large so one would expect strong restrictions. The field redefinition ambiguity
limits the usefulness of such an approach and one would also have to make an ansatz for
the unknown F5 terms. If one were to find an analogue of the prescription of replacing
the bulk Riemann tensor with the Weyl tensor for the terms on the brane the restrictions
would be even stronger. One stumbling block towards realizing this program is the fact
that some of the possible R2 terms have vanishing first order variations in the orientifold
background. However, it seems that none of the terms with this property actually appear
in the action, so there may be some symmetry which forbids them. The conclusion we
can draw from the above discussion is that the restrictions are quite strong, but that one
needs additional input from other approaches to be able to use them constructively to
constrain e.g. the R3 terms at the next order.
In section 4 we studied the α′2 corrections in the cascading case (M 6= 0). Using
methods similar to the ones in [10] we found that there are corrections to the background,
which following [10] we interpreted on the field theory side as corrections to the anomalous
dimensions of the matter fields.
There is clearly room for additional work extending and refining our results. In par-
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ticular, the fact that we do not know the complete expression for the D-brane action at
order α′2 make some of our results speculative. For the bulk terms considered in [10] the
dependence on F5 was also unknown; in our case the situation is similar, except that the
F5 dependent terms appear to play a more important role. The determination of the F5
terms is expected to be very involved, but they are probably more accessible than the
corresponding bulk terms (for instance, the DF5DF5 terms in the DBI part of the action
can be constrained by the string scattering amplitudes calculated in [31]) and there is
some hope that it will be possible to determine the complete expression for the effective
action at order α′2 (including also the H3 terms), which would allow one to unambiguously
verify our results.
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A Some string scattering amplitudes
A.1 Scattering off a D-brane
One way to determine the amplitude for the scattering of bulk states off a D-brane is by
using the boundary state formalism. The amplitude for the scattering of an NSNS state
off a D-brane in this formalism is given by
A ∝ (−1,−1)〈k; ξ|V (0,0)q;ζ ∆|B〉 , (A.18)
where |B〉 is the usual boundary state [39, 40, 41], (−1,−1)〈k, ξ| is the NSNS state in the
(−1,−1) picture with polarization tensor ξMN and momentum kM , ∆ is the string propa-
gator
∫ 1
0
dy yL0+L˜0−1 (throughout we suppress all ghosts), and V
(0,0)
q;ζ is the vertex operator
in the (0,0) picture for a NSNS state with polarization tensor ζMN and momentum q
M ,
i.e.
V
(0,0)
ζ;q = ζMN : (∂X
M + qPΨ
PΨM)(∂¯X˜N + qSΨ˜
SΨ˜N)eiqSX
S
: . (A.19)
In our conventions, momentum conservation in the longitudinal directions implies that
kM +DMNk
N = qM +DMNq
N , where DM
N is a diagonal matrix whose entries are +1 in
the world-volume directions and −1 in the transverse directions. The scattering amplitude
(A.18) is [32]10
A ∝ Γ(2s)Γ(−t/2)
Γ(2s− t/2 + 1)[2sa1 +
t
2
a2] , (A.20)
10This expression was originally derived [42, 32, 43] using a slightly different approach from the one
discussed here. As pointed out in [44] there are minor errors in the expression in [32]; our expression
confirms the formula in [44].
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where
a1 =
α′
2
[(Dζ)(qξq) + (Dξ)(kζk)] + 2s(ζξT ) + α
′
2
[kζDξq + qξDζk]
−α′
2
[qξζTk + kζT ξq + qDξζTk + kDζξTq + kζT ξDq + qξT ζDk] ,
a2 =
α′
2
[(Dζ)(qDξDq− qξq) + (Dξ)(kDζDk − kζk)− 2s(ζξT )
−α′
2
[qDζDξDk + kDξDζDq] + 2s(DζDξ)− (2s−t/2)(Dζ)(Dξ)
+α
′
2
[kDξζTDq + kDξT ζDq] . (A.21)
We have defined t = α′kq and s = α
′
4
kDk = α
′
4
qDq and use a notation were the index
contractions are suppressed, e.g. kDζξTq = kMD
MNξPNq
P . The amplitude (A.20), (A.21)
is invariant under the interchange of the two states, k ↔ q; ξ ↔ ζ , and is also invariant
under the gauge transformation ξMN → ξMN + kMξN + kNξM (when ξMN is symmetric).
The above scattering amplitude was used in [22] (see also [26]) to determine the α′2R2
terms in the DBI part of the D-brane effective action.
The above amplitude can be used to restrict the form of the RD2φ terms in the DBI
part of the D-brane effective action. The dilaton vertex operator is
ξMN(k) ∝ φ(k)(ηNM − ℓMkN − ℓNkM) , (A.22)
where ℓMk
M = 1. From (A.20), (A.21) one finds that the α′2 part of the amplitude for one
dilaton (with polarization ξMN and momentum kM) and one graviton (with polarization
tensor ζMN and momentum qM) is
A ∝ 2(p− 3)φ(k)
{
(2s− t/2)[(kζk)− (t/2)(Dζ)] + (t/2)(kDζDk)
}
. (A.23)
The following field-theory terms
S ∝
∫ √−g[a1LM1M2LN1N2 + a2NM1M2NN1N2 + bLN1M1LM2N2 ]NPQRPM2QN2DM1∂N1Φ ,
(A.24)
with a2 = p − 3 and a1 + 2b = −a2 reproduce the string scattering result. We should
remember that the comparison is done in a particular frame; however, the terms induced
by Weyl rescaling the metric in the action (3.12) are of the same form as above. More
precisely, via the Weyl rescaling one gets terms with a1 = (p − 3)γ, b = 2γ and a2 =
−(p−1)γ, where γ is a normalization constant. Note that the scattering amplitude makes
no distinction between LNKDNRMP∂LΦ and L
NKRMPDN∂LΦ. To the above result one
can also add terms proportional to DM∂Mφ or RMN = G
PQRPMQN since such terms are
removable by field redefinitions. For our purposes the ambiguities in (A.24) will not be
important since for the special background we consider there is a choice of field redefinition
scheme in which the terms in (A.24) give vanishing contributions to the equation of motion
for Φ no matter what the values of a1, a2 and b are.
The above amplitude (A.20), (A.21) can also be used to obtain restrictions on the
possible DH3DH3 terms in the DBI part of the D-brane effective action. We have found
that the string scattering amplitude (A.20), (A.21) is consistent with the following terms
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in the effective action
S = µp
pi2
6
α′2
8
∫
dp+1x
√−g
[
LN1Q2LN2Q1LM1M2NP1P2 − 1
2
NN1Q2LN2Q1LM1M2LP1P2
− 1
2
LN1Q2NN2Q1NM1M2NP1P2
]
DN1HM1P1Q1DN2HM2P2Q2 ,(A.25)
where LMN and NMN are the same as before, cf. (3.2). Terms proportional to the lowest
order equation of motion for H3: 0 = G
MNDNHMPQ = (L
MN + NNM)DNHMPQ are
removable by field redefinitions. It is important that apart from the field redefinition
ambiguity, there are several additional ambiguities in (A.25) related to the fact that the
scattering amplitude can not distinguish between e.g. LKN1DN1HM1P1Q1DN2HM2P2Q2 and
−LKN1HM1P1Q1DN1DN2HM2P2Q2 since an integration by parts relates the two (modulo
terms which do not contribute to the scattering amplitude we considered). Apart from
the ambiguities related to integrations by parts it is also not possible to determine terms
of the form H23R and H
4
3 from the scattering amplitude (A.20). The determination of
such terms would require the calculation of amplitudes with additional vertex operator
insertions. One thing to note about the above result is that there does not appear to be
a simple way to combine the DH3DH3 terms with the R
2 terms via a replacement rule
of the form R → R + DH3 (except for the D9-brane for which the DH3DH3 terms are
removable by field redefinitions).
A.2 Scattering off an O-plane
Above we discussed the scattering of an NSNS state off a D-brane. The scattering of
an NSNS state off an Op-plane is obtained in an analogous way by simply replacing the
boundary state in the above amplitude with the cross-cap state, |C〉, i.e.
A ∝ (−1,−1)〈k, ξ|V (0,0)q;ζ ∆|C〉 . (A.26)
The cross-cap state associated with an Op-plane satisfies [40]
αMn |C〉 = −(−1)nDMN α˜N−n|C〉 , bMr |C〉 = iη(−1)rDMN b˜N−r|C〉 , (A.27)
where η is the spin structure and αNn and b
M
r are the usual oscillator modes. The amplitude
(A.26) becomes
A ∝
[
a1I1 + a2I2 + a3I3
]
, (A.28)
where
a1 =
α′
2
[(ξD)(kζk) + (ζD)(qξq)] + 2s(ξζT ) + α
′
2
[kζDξq + qξDζk]
−α′
2
[kζξTq + kζT ξq + kζξTDq + kζT ξDq + kDζξTq + kDζT ξq] ,
a2 =
α′
2
[(ξD)(kDζDk) + (ζD)(qDξDq)] + 2s(ζDξD) + α
′
2
[kDζξTDq + kDζT ξDq]
+α
′
2
[kζDξq + qξDζk − qDζDξDk − kDξDζDq] ,
a3 = −(2s− 1)(ξD)(ζD) , (A.29)
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and
I1 =
∫ 1
0
dy y−t/2−1(1 + y)2s−1 ,
I2 =
∫ 1
0
dy y−t/2(1 + y)2s−1 ,
I3 =
∫ 1
0
dy y−t/2(1 + y)2s−2 . (A.30)
The asymptotic expansion of the Ii’s for small momenta obtained by integrations by
parts contains terms proportional to ln 2. Such terms are not expected to appear in the
amplitude. The reason for the appearance of these terms is that the above amplitude
is not gauge invariant unless the following relations hold: (t/2)I1 = (2s − t/2)I2 and
(2s− 1)I3 = (t/2)I1. By integrations by parts in the above expressions (A.30) it can be
shown that these relations only hold up to boundary terms. The reason why the amplitude
(A.28), (A.29) is not gauge invariant can be traced to the fact that it was derived using
the standard vertex operators in (A.26), however, on the cross-cap these are only gauge
invariant up to boundary terms. For discussions of boundary (or contact) terms in string
scattering amplitudes and their relation to gauge invariance, see e.g. [45]. Rather than
rederiving the amplitude using the correct gauge-invariant vertex we will try to identify the
required boundary terms by demanding that the amplitude be gauge invariant and that it
correctly reproduces the leading order terms. We will also demand that the α′ ln 2 terms
should be absent since their presence would be in conflict with the fact that such terms are
not present in the effective action for type I string theory (type I string theory is essentially
1 O9-plane and 32 D9-branes and since the D9-brane effective action does not contains
α′ ln 2 terms, such terms can not be present on the O9-plane either). We have found that
if (2/t)(2s − t/2)I2 = (2/t)(2s − 1)I3 = I1 =
∫ 1
0
dy y−t/2−1(1 + y)2s−1 + [(1 + y)2s−1]
1
0 ∼
−2
t
− (t/2)pi2
12
+ . . . all requirements are satisfied. For instance, a check of the amplitude
is that it correctly reproduces the lowest order terms coming from the bulk supergravity
action and from the terms localized on the O-plane. The diagrams that contribute to the
two-graviton scattering are
Figure: Diagrams contributing to the scattering of a gravitons off an orientifold plane. For
clarity the diagrams are drawn on the cover space, i.e. the mirror process has been included.
Calculating these diagrams with the proper symmetry factors gives (the third diagram
comes from the DBI part of the terms localized on the orientifold plane)
A1 ∝ 2
t
[
2(s− t/2)(ξζ)− t(ξDζ) + 2qξDζk + (ξD)(kζk) + (ζD)(qξq)
23
+2qξζk − 2kζξDk − 2qξζDq
]
,
A2 ∝ 1
(2s− t/2)
[
2(t/2− s)(DξDζ)− 2(2s− t/2)(ξDζ) + (ξD)(kDζDk)
+(ζD)(qDξDq) + 2qDξζDk + 2qDξDζDk − 2kDζDξDk − 2qDξDζDq
]
,
A3 ∝
[
2(ξDζD) + 2(ξζ) + 4(ξDζ)− (ξD)(ζD)
]
. (A.31)
Notice that the second amplitude is obtained from the first one via ξ → DξD; k → Dk
and that the first amplitude is the same as the one calculated in [44]. The sum of the
above amplitudes (A.31) is gauge invariant under ξMN → ξMN + kMξN + kNξM . The
string scattering amplitude is consistent with this result if I1 ∼ 2t , I2 ∼ 1(2s−t/2) and
(2s− 1)I3 ∼ 1.
From the above amplitude one can derive the α′2R2 terms localized on the Op-plane.
The result is given in (3.11) (the result is independent of p). Although the above discus-
sion of the boundary terms was incomplete, it is important to note that a more proper
treatment of the boundary terms will not affect the π2α′2 terms (which are gauge in-
variant) and hence will not affect (3.11), since it is not possible to get factors of π from
boundary terms.
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